Given a hyperbolic knot, we prove that the Reidemeister torsion of any lift of the holonomy to SL.2; C/ is invariant under mutation along a surface of genus 2, hence also under mutation along a Conway sphere.
Introduction
Let K S 3 be a hyperbolic knot. In this paper we prove that the Reidemeister torsion of the lift of the holonomy in SL.2; C/ is invariant under mutation along a surface of genus 2. Mutation along a Conway sphere is composition of at most two genus 2 mutations (see Dunfield, Garoufalidis, Shumakovitch and Thistlethwaite [4] ) so our result implies invariance under Conway mutation.
Let F S 3 n K be an embedded, closed surface of genus 2, and let W F ! F denote the hyperelliptic involution, see Figure 1 . The knot K S 3 obtained by cutting along F and gluing again after composing with is called the mutant knot; the fact that K is indeed a knot in S 3 is proved for instance in [4] . We are interested in comparing torsions of K and K , thus we may assume that F is incompressible in the knot exterior M D S 3 n N .K/ (see [4 
, Proposition 2.1]).
Ruberman [18] showed that K is also hyperbolic and that M D S 3 n N .K / has the same volume as M D S 3 n N .K/. See [4] and Morton and Ryder [11] for a recent account on invariants that distinguish or not K from K .
Let W 1 .M / ! SL.2; C/ be a lift of the holonomy of the hyperbolic structure on the interior of M . If 2 1 .M / is a meridian of the knot, then trace. . // D˙2, and there are, up to conjugation, two lifts of the holonomy: one with trace. . // D C2 and another with trace. . // D 2. By Menal-Ferrer and Porti [9] is acyclic, namely the homology and cohomology of M with coefficients twisted by vanish; hence the Reidemeister torsion tor.M; / is well defined. Moreover, as the dimension of C 2 is even, there is no sign indeterminacy, thus tor.M; / is a well defined nonzero complex number. Therefore, these torsions are two topological invariants of the hyperbolic knot. This is not true for any representation of 1 .M /. Wada proved in [22] that the twisted Alexander polynomials could be used to distinguish mutant knots. N Dunfield, S Friedl, and N Jackson [3] computed the torsion for the representation twisted by the abelianization map (namely, the corresponding twisted Alexander polynomials) and proved that it distinguishes mutant knots up to 15 crossings. The evaluation at˙1 of these polynomials provides evidence for Theorem 1.1 and has motivated the current paper.
In [9] we proved that when we consider the 2n-dimensional irreducible representation
W SL.2; C/ ! SL.2n; C/, then the composition 2n ı is acyclic, thus its torsion is well defined. We have checked that the torsion of 4 ı distinguishes the Conway and the Kinoshita-Terasaka mutants, see Section 4.
The paper is organized as follows. In Section 2, we discuss the basic constructions for Reidemeister torsion and representations of mutants, and we give a sufficient criterion in Proposition 2.4 for invariance of the torsion under mutation. The criterion is stated in terms of the action of on the cohomology of F with twisted coefficients. This criterion is proved in Section 3, using the rulings of a quadric in P 3 and a deformation argument. In Section 4 we compute an example, the Kinoshita-Terasaka and Conway mutants, and Section 5 is devoted to further discussion.
Mutation
Let M D S 3 n N .K/ be a hyperbolic knot exterior and let W 1 .M / ! SL.2; C/ be a lift of the holonomy representation. Let F be an embedded, incompressible, and closed surface of genus 2 in M , and W F ! F , the hyperelliptic involution. The result of cutting M along F and then gluing back both copies of F using is denoted by M . Since M is the exterior of a knot, F separates M into two pieces M 1 and M 2 .
Write a commutative diagram for the inclusions:
so that 1 .M / is an amalgamated product
Let 0 , 1 , and 2 denote the restriction of to 1 .F /, 1 .M 1 /, and 1 .M 2 /, respectively, so that 
The existence of a is equivalent to the fact that is an isometry of F R equipped with the hyperbolic metric of a tubular neighbourhood N .F /. Notice that a 2 SL.2; C/ corresponds to a rotation of order two in hyperbolic space, therefore a is conjugate to
To construct the representation of 1 .M /, we also use the amalgamated product structure with the same inclusion i 1 , but with i 2 ı instead of i 2 . The representation
C/ is then defined by
This is well defined because
Cohomology with twisted coefficients
To set notation we recall the basic construction of cohomology with twisted coefficients. Let X be a C W -complex and W 1 .X / ! SL.2; C/ be a representation. The singular chains of its universal covering e X ! X are denoted by C . e X I Z/, which is a chain complex of left ZOE 1 .X /-modules of finite type. We view 1 .X / as the group of deck transformations of the universal covering e X ! X , so we do not consider any base point. The cochains with twisted coefficients are then
where C 2 Š C 2 is viewed as a left ZOE 1 .X /-module through the action induced by . The corresponding cohomology groups are denoted by
as they only depend on the underlying topological space jX j of the C W -complex X . We shall mainly work with aspherical spaces, in this case the homology or cohomology of X with twisted coefficients is naturally isomorphic to the group cohomology of
We shall also be interested in de Rham cohomology. Assuming that N is a smooth manifold, let E D e N C 2 = 1 .N / denote the flat bundle with holonomy . The space of p -forms valued on E is p .N I E/ D . V p T N˝E/. The de Rham cohomology of . .N I E/; d / is H .N I E/ and it is naturally isomorphic to H .N I /. In this paper N will be for instance the interior of M 1 or M 2 , or F R.
Many properties of cohomology with constant coefficients hold true when we have twisted coefficients: Mayer-Vietoris, the long exact sequence of the pair, etc. Poincaré duality is discussed in Section 3.1.
The map induced by an isometry
We discuss the map induced by and isometry, that plays an important role in this paper. The group of orientation preserving isometries of N is denoted by Isom C .N / and it is a discrete group. Recall that N may be the interior of M 1 or M 2 , or F R. Every orientation preserving isometry 2 Isom C .N / lifts to an isometry of the universal covering, hence to an element˙s 2 PSL.2; C/. It satisfies the equality
where denotes the map induced in the fundamental group. Then the induced map in cohomology has to take care of the representations in the coefficients
To relate the different coefficients, chose a lift s 2 SL.2; C/ and define
where jX j D N . It is straightforward to check that this defines an isomorphism of complexes. Thus
is an isomorphism. Then define
Notice that there is a sign indeterminacy, because the lift s is only unique up to sign. The following lemma is straightforward from the definition of \ .
Lemma 2.1
The morphism˙ \ is well defined up to sign. In addition, it induces a representation of Isom C .N / in PGL.H 1 .N I //, the projective group of linear transformations of H 1 .N I /.
Mayer-Vietoris exact sequences with twisted coefficients
We will use Mayer-Vietoris for the pair .M 1 ; M 2 / to compute the torsion of M and of M . Since H .M; / Š H .M ; / Š 0, the Mayer-Vietoris exact sequence gives the isomorphisms
/ relates the cohomology group of conjugate representations. Recall that there are two choices of a up to sign. The action of the involution has an induced map defined as in (3):
because a 2 D Id, see (1) . Since 2 D Id, we have
We also have a commutative diagram
We compute next the cohomology groups of the spaces involved in the Mayer-Vietoris sequence. We start with the surface F of genus 2.
0 / is isomorphic to the subspace of C 2 of elements that are fixed by 0 . 1 .F //; hence it vanishes because 0 is an irreducible representation. By Poincaré duality
Next we compute the cohomology groups of M 1 and M 2 .
Proof By Mayer-Vietoris, and using that H .M I / D 0, we get
The lemma follows from Lemma 2.2, because .
Reidemeister torsions
Let X be a compact CW-complex equipped with a representation
When H .jX jI / D 0, the Reidemeister torsion can be defined and it is an invariant of X , up to subdivision, and the conjugacy class of . We will not recall the definition, which can be found in Milnor [10] and Turaev [21] for instance. There are two main issues for the torsion we are interested in. Firstly, the torsion is only defined up to sign, but since we consider a two-dimensional vector space, it is sign defined, hence a nonzero complex number. Equivalently, any choice of homology orientation for Turaev's refined torsion [21] gives the same result. Secondly, since we are working with three and two-dimensional manifolds, the PL-structure is not relevant. Thus, for a two and three-dimensional manifold X and an acyclic representation W 1 .X / ! SL.2; C/, the torsion is denoted by tor.jX j; / 2 C n f0g:
When is not acyclic, then we can also use the Reidemeister torsion provided we specify a basis for H .jX jI /.
/. By Milnor's formula [10] for the torsion of a long exact sequence applied to (4) and (5),
Here t denotes the disjoint union of basis. Notice that Milnor works with torsions up to sign in [10] , but his formalism applies even with sign. The isomorphism of
see [17, Remarque a2, Section 02]. Since˙ \ D˙ ı a D˙a ı , using (8) we deduce
Namely, the determinant of the matrix whose entries are the coefficients of the basis
The following is a sufficient criterion for invariance of torsion with respect to mutation.
then tor.M; / D˙tor.M ; /. If, in addition, the determinant of the restriction of \ to Im.i 2 / is equal to 1, then tor.M; / D tor.M ; /.
Proof Since . \ / 2 D Id by (7), \ diagonalizes with eigenvalues˙i . Hence, assuming that \ leaves invariant the image of i 2 , the matrix in (9) hence it has determinant˙1. The other assertion is obvious.
Invariance
In this section we prove Theorem 1.1. In Section 3.1 we recall a natural nondegenerate pairing B on H 1 .F I 0 /. We show that for k D 1; 2 the image of
is an isotropic subspace with respect to B . Then in Section 3.2 we analyze properties of isotropic planes of H 1 .F I 0 / Š C 4 , which are viewed as lines in a ruled quadric in P 3 . More precisely, the quadric has two rulings and the hyperelliptic involution acts trivially in one of them, thus the criterion of Proposition 2.4 applies if the image of i 2 is a projective line in the ruling where \ acts trivially. This is checked in Section 3.3, where M 2 is glued to another manifold M 3 that has several symmetries, including one that induces on its boundary. Those symmetries suffice to show that the criterion of Proposition 2.4 holds true for this other structure on M 2 , the one that matches with M 3 , and then a deformation argument is carried out to establish the criterion for the hyperbolic structure we are interested in.
A nondegenerate pairing
The determinant on C 2 induces a nondegenerate, antisymmetric, bilinear product that is SL.2; C/-invariant:
Combined with the antisymmetric cup product in cohomology, it yields a symmetric bilinear form BW H 1 .
This pairing is bilinear, symmetric, nondegenerate (Poincaré duality), and natural. In terms of group cohomology this is described by Goldman in [6] , see also Hodgson [8] and Sikora [19] . Here we use also the de Rham cohomology approach, therefore the cup product is represented by the wedge product on the E -valued differential forms.
Proof The image Im.i k / is a plane by Lemma 2.3 and its proof. The fact that the Im.i k / is an isotropic plane is well known (see Hodgson [8] and Sikora [19] ), but we sketch the argument for completeness. Let OE˛; OEˇ 2 H 1 .
holds, where^denotes the usual wedge product composed with the determinant. Thus, if F D @M k , namely if M k is disjoint from the knot neighbourhood, then Stokes theorem yields
Finding isotropic planes with the ruled quadric
Let P 3 denote the projective space on H 1 .F I 0 / Š C 4 . Isotropic planes of H 1 .F I 0 / with respect to B are in bijection with projective lines in the quadric
Since B is a nondegenerate paring, Q is the standard quadric, which is a ruled surface with two rulings. We recall next its basic properties. Proposition 3.2 There are two disjoint families of projective lines L C and L in Q such that:
(ii) Every point in Q belongs to precisely one line in L C and one in L .
(iii) Two lines in Q intersect if, and only if, one is in L C and the other one is in L .
(iv) Embedding lines in the projective
This ruling is well known and it is related to the Segre embedding of P 1 P 1 in P 3 (see Mumford [12, Section 2B] ). We provide a proof for completeness.
Proof We identify C 4 with M 2 2 .C/, the space of 2 2 matrices with complex coefficients, and we may assume that the quadratic form is the determinant. Thus Q is identified to the projectivization of the set of matrices with zero determinant. We use again the identification between C 4 and M 2 2 .C/ of the previous proof, the quadratic form being the determinant. Consider the action
Since this action preserves the determinant, it defines a map SL. Using the construction of the ruling in the proof of Proposition 3.2, we immediately obtain the following proposition:
The action of PSL.2; C/ PSL.2; C/ Š PSO.4; C/ is equivalent to the product action on L C L Š P 1 P 1 (by an equivalence that preserves the product).
See Fulton and Harris [5, Section 18.2] for another description of this action. It follows from this proposition that PSL.2; C/ fIdg acts trivially on L , and fIdg PSL.2; C/ acts trivially on L C .
Lemma 3.4
The induced map \ on P 3 lies in one factor PSL.2; C/ fIdg or fIdg PSL.2; C/. In particular it acts trivially in one of the rulings. Up to permutation, let L denote the ruling on which \ acts trivially. Now the goal is to prove that Im.i 2 / 2 L .
A deformation argument
Let 1 D and consider two more involutions of F , 2 and 3 as in Figure 2 . They satisfy 1 2 D 3 , hence they define a group isomorphic to .Z=2Z/ 2 .
Lemma 3.5 There exists an orientable 3-manifold M 3 satisfying:
(1) The boundary @M 3 is an incompressible surface of genus 2. In addition M 3 has finitely many ends homeomorphic to T 2 OE0; C1/.
(2) The inclusion induces an epimorphism H 1 .M 3 ; Z=2Z/ ! H 1 .@M 3 ; Z=2Z/. Proof of Lemma 3.5 We start with a handlebody H of genus 2, so that the group h 1 ; 2 i that acts on @H extends to H . Viewing H as the union of two solid tori along a boundary disc, we consider then the link L 0 with two components that are the core curves of these solid tori. Then H n L 0 satisfies (1), (2) and (3). To get (4), we shall remove some more curves in a equivariant way, so that (1), (2) and (3) are still satisfied. For this we apply Myers' theorem [13] in a h 1 ; 2 i-invariant way as in Paoluzzi and Porti [16] (namely on the orbifold .H n L 0 /=h 1 ; 2 i), so that there is an invariant link 
0 / is invariant by the hyperelliptic involution, using that M 3 has more symmetries, and then deduce that it holds for the initial manifold by means of a deformation argument. (3) . By (7) and Lemma 2.1 we have
Consider the induced maps˙
Thus h 
and it is an algebraic subset of the affine space C N .
, a lift of the holonomy representation of M 2 that matches with M 3 . Namely we want to find a path or representations
that satisfies:
(ii) For all t 2 OE0; 1, ' t is the lift of the holonomy of a hyperbolic structure on M 2 .
(iii) For all t 2 OE0; 1, dim
2 is the lift of the holonomy of a hyperbolic structure on M 2 that matches with M 3 in Lemma 3.5.
Assuming we have this path of representations, then
by Corollary 3.8. Now, since there exists the path ' t , the ruled quadric of H 1 .F I ' t / is also deformed continuously (notice that as ' t j F is irreducible Lemmas 2.2, 2.3, and 3.1 apply to H 1 .F I ' t /). Hence along the deformation the image of i 2 is contained in
as claimed. [15] . In addition, this is an open subset of the variety of representations of M 2 to PSL.2; C/, and since the dimension of the cohomology is upper semi-continuous (it can only jump in a Zariski closed subset, see Hartshorne [7] ), (iii) can be achieved by avoiding a proper Zariski closed subset (hence of real codimension 2). If any of 2 . 1 .M 2 // and 0 2 . 1 .M 2 // is not geometrically finite, then it lies in the closure of geometrically finite structures (see Otal [14] , though this is a particular case of the density theorem), thus there is a path in the space of representations of 1 .M 2 / in PSL.2; C/ satisfying (ii) and (iii). To lift this path to SL.2; C/, we start with 0 to be equal to 2 , which determines the lift t for each t 2 OE0; 1. In particular We shall prove that there is also equality of signs, concluding the proof of Theorem 1.1:
Proof To remove the sign ambiguity we use again the deformation ' t of the proof of Lemma 3.9. Since ' t satisfies the sufficiency criterion of Proposition 2.4 for all t 2 OE0; 1, the eigenvalues of \ restricted to the image of i 2 belong to f˙i g, and they do not change as we deform t . Hence the determinant of \ restricted to the image of i 2 is C1, because this holds for As usual, capital letters denote inverse.
The image of the holonomy representation is contained in PSL.2; Q.!// where Q.!/ is the number field generated by a root ! of the polynomial As said in the introduction, when n D 2, these had been computed by Dunfield, Friedl and Jackson in [3] . They computed numerically a twisted Alexander invariant (which are not mutation invariant) for all knots up to 15 crossings, and the torsions computed here are just the evaluations at˙1.
Mutation for other representations
The proof of Section 3 applies to the following situation. The three dimensional representation Sym 2 of SL.2; C/ is conjugate to the adjoint representation in the automorphism group of the Lie algebra sl.2; C/. The representation Ad is not acyclic, but a natural choice of basis for homology has been given in Porti [17] , hence its torsion is well defined. Moreover, we have:
Proposition 5.3 (Porti [17] ) The torsion tor.M; Ad / is invariant under genus 2 mutation.
The proof is straightforward, as H 1 .F I Ad / is the tangent space to the variety of characters of F , and the action of the hyperelliptic involution is trivial on the variety of characters of F .
We have seen that if we compose the lift of the holonomy with the 6-dimensional representation Sym 5 of SL.2; C/ (or the 4-dimensional one Sym 3 when the trace of the meridian is 2), then the torsion is not invariant under genus 2 mutation, as it is not invariant under Conway mutation, see the example of the previous section.
Question Working with the lift of the holonomy with trace of the meridian C2, is the torsion of the 4-dimensional representation Sym 3 invariant under Conway mutation?
To conclude, we notice that our arguments do not apply if we tensorize W 1 .M / ! SL.2; C/ with the abelianization map 1 .M / Z D hti. This torsion gives the twisted polynomial in COEt˙1 studied by Dunfield, Friedl and Jackson [3] , where it is proved not to be mutation invariant. To apply our arguments, in Section 3 we use three involutions of the surface of genus 2, but some of them may be incompatible with the abelianization.
